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Mordell-Tornheim
$\zeta_{MT,r}(s_{1}, \ldots, s_{r};s_{r+1})=\sum_{m_{1},\ldots,m_{r}=1}^{\infty}m_{1}^{-s_{1}}\cdots m_{r}^{-s_{r}}(m_{1}+\cdots+m_{r})^{-s_{r+1}}$ (1)
Matsumoto [2] Mordell [3] Tornheim [5] 2
Tsumura [6] $k_{1},$ $\ldots,$ $k_{r+1}$
$\zeta_{MT,r}(k_{1}, \ldots, k_{r};k_{r+1})$





$T_{MT,r}(s_{1}, \ldots, s_{r};s_{r+1})=\sum_{m_{1},\ldots,m_{r}=1}^{\infty}m_{1}^{-s_{1}}\cdots m_{r}^{-s_{r}}(2m_{1}+\cdots+m_{r})^{-s_{r+1}}$ (2)




























$\mathfrak{g}$ $\Psi=\{\alpha_{1}, \ldots, \alpha_{r}\}$ $\Delta$
(3)
$\zeta_{r}(s;\mathfrak{g})=\sum_{m_{1},\ldots,m_{r}=1}^{\infty}\prod_{\alpha\in\triangle_{+}}\langle\alpha^{\vee}, m_{1}\lambda_{1}+\cdots+m_{r}\lambda_{r}\rangle^{-s_{\alpha}}$ (4)









(3) (4) Komori, Matsumoto, Tsumura
[1] (4) $\mathfrak{g}$ $\mathfrak{g}$ $X_{r}$ $\mathbb{C}$
$X=A,$ $B,$ $C,$ $D,$ $E,$ $F,$ $G$
Komori, Matsumoto, Tsumura [1] (4)
$\zeta_{r}(s;\mathfrak{g})=\zeta_{r}(s$ ; $X$ $X_{r}$
1. $A_{r}$ $\mathfrak{g}$ $r$ $\epsilon$ (r $+$ l)
$\zeta_{r}(s;A_{r})=\sum_{m_{1},\ldots,m_{r}=1}^{\infty}\prod_{1\leq i<j\leq r+1}(m_{i}+ \cdots+m_{j-1})^{-s_{ij}}$, (5)
$s=(s_{ij})\in \mathbb{C}^{r(r+1)/2}$
2. $B_{r}$ $\mathfrak{g}$ 2 $r$ $\epsilon \mathfrak{o}(2r+1)$
$\zeta_{r}(s;B_{r})=\sum_{m_{1},\ldots,m_{r}=1}^{\infty}\prod_{1\leq i\leq r}(2(m_{i}+\cdots+m_{r-1})+m_{r})^{-s_{i}},$
$\cross\prod_{1\leq i<j\leq r}(m_{i}+ \cdots+m_{j-1})^{-s_{ij}^{-}}$
$\cross\prod_{1\leq i<j\leq r}(m_{i}+ \cdots+mj-1+2(mj+ \cdots+m_{r-1})+m_{r})^{-s_{ij}^{+}}$ , (6)




$s=(s_{12}, s_{23}, s_{34}, \ldots, s_{rr+1}, s_{1r+1},0, \ldots, 0)$







$=T_{MT,r}(s_{r-1r}^{-}, \ldots, s_{12}^{-}, s_{r};s_{1r-1}^{+})$
$s=(s_{r}, s_{12}^{-}, s_{23}^{-}, s_{34}^{-}, \ldots, s_{r-1r}^{-}, s_{1r-1}^{+},0, \ldots, 0)$
$p_{1},p_{2},p_{3},p_{4}$
$\zeta_{2}(p_{1},p_{2},p_{3},p_{4};B_{2})$
$=(-1)^{p_{3}} \{\sum_{j=1}^{p_{3}}(\begin{array}{ll}p_{3}+p_{4}-j -1p_{3}-j \end{array})(-1)^{j} \zeta_{MT,2}(p_{1},p_{2}+p_{3}+p_{4}-j,j)$













$\log S_{r}(x)=(-1)^{\frac{r+1}{2}}\frac{(r-1)!}{(2\pi)^{r-1}}\sum_{m=1}^{\infty}\frac{\cos(2\pi mx)}{m^{r}}$ , (7)
$r\geq 2$
$\log S_{r}(x)=(-1)$ $\frac{(r-1)!}{(2\pi)^{r-1}}\sum_{m=1}^{\infty}\frac{\sin(2\pi mx)}{m^{r}}$ , (8)
$r\geq 2$ $x\downarrow 0$ $\log S_{r}(O)$
$\log S_{r}(0)=\{\begin{array}{ll}(-1)^{\frac{r+1}{2}}\frac{(r-1)!}{(2\pi)^{r-1}}\zeta(r) r\geq 3 0 r\geq 2 \end{array}$
$r$
$B_{r}(x)$ $r$ $r\geq 1$
$B_{r}(x-[x])=2(-1)\overline{2}$ (9)$r+1 \frac{r!}{(2\pi)^{r}}\sum_{m=1}^{\infty}\frac{\sin(2\pi mx)}{m^{r}},$
$r\geq 2$
$B_{r}(x-[x])=2(-1)^{\frac{r}{2}-1} \frac{r!}{(2\pi)^{r}}\sum_{m=1}^{\infty}\frac{\cos(2\pi mx)}{m^{r}}$ , (10)
$T_{MT,r}$
Theorem 1($T_{MT,r}$ ) Theorem 1




$a=(a_{1}, \ldots, a_{p}),$ $b=(b_{1}, \ldots, b_{q})$
$I_{p,q}( a;b)=\prod_{m=1}^{p}B_{a_{m}}(x)\prod_{l=1}^{q}\log S_{b_{l}}(x)$
20




$I_{p,q}(a, a_{p};b)$ $(a=(a_{1}, \ldots, a_{p-1}), b=(b_{1}, \ldots, b_{q}))$ $I_{p,q}(a’;b)$
$(a’=(a_{1}, \ldots, a_{p}), b=(b_{1}, \ldots, b_{q}))$
$T_{MT,r}$
Theorem 1.
$r$ $a_{1},$ $\ldots,$ $a_{r+1}$ a $=(a_{1}, \ldots, a_{r+1})$
$|a|+r\in 2\mathbb{N}+1$
$T_{MT,r}(a_{1}, \ldots, a_{r};a_{r+1})=(-1)^{\frac{|a|+r+3}{2}+a_{r+1}}\frac{(2\pi)^{|a.|-r+1}}{2a_{1}!\cdot\cdot a_{r+1}!}$
$\cross\int_{0}^{1}\{a_{1}\log S_{a_{1}}(2x-[2x])$








$T_{MT,r}(a_{1}, \ldots, a_{r};a_{r+1})=(-1)^{\frac{|a|+r+2}{2}+a_{r+1}}\frac{(2\pi.)^{|a|-r}}{a_{1}!\cdot\cdot a_{r+1}!}$
$\cross\int_{0}^{1}\{a_{1}\log S_{a_{1}}(2x-[2x])$
$\cross \sum_{=0,k_{:even}^{kK\subset\{2,.r\}}}^{r-1}\sum_{|K|=k}..,(-1)^{\frac{k}{2}}\pi^{k}I_{k+1,r-k-1}(a_{r+1}, a_{K};a_{\{2,\ldots,r\}\backslash K})$
$+B_{a_{1}}(2x-[2x])$




$\int_{1}^{1}z^{t-\epsilon}(t-1)+\epsilon Li_{a_{1}}(e^{4\pi ix})\{\prod_{jz=2}^{r}Li_{a_{j}}(e^{2\pi ix})\}Li_{a_{r+1}}(e^{-2\pi ix})dx$ (11)
2 $t$ 1 2, $a_{1},$ $\ldots,$ $a_{r+1}$ $\epsilon$
1 (7) $\sim(10)$ Milnor
2
Lemma 1.
$t$ $t\in[1,2]$ $r$ $\epsilon$
$x \in[\frac{1}{2}(t-1)+\epsilon, \frac{1}{2}t-\epsilon]$ , $a_{1},$ $\ldots,$ $a_{r+1}$
$\lim_{Narrow\infty}\sum_{m_{1},\ldots,m_{r+1}=1}^{N}\frac{e^{2\pi ix(2m_{1}+m_{2}+.\cdot\cdot.\cdot+m_{r}-m_{r+1})}}{m_{1}^{a_{1}}m_{2}^{a_{2}}\cdot m_{r+1}^{a_{r+1}}}$





$T_{MT,r}(a_{1}, \ldots, a_{r};a_{r+1})$ 1
Theoreml
$T_{MT,r}$ ” parity result”
Theorem 1 Theorem
Theorem 2.
$r\geq 2$ $a_{1},$ $\ldots,$ $a_{r+1}$
$a=(a_{1}, \ldots, a_{r+1})$
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$\cross T_{MT,r-2j-1}(a_{1}, a_{\{2,\ldots,r\}\backslash K};a_{r+1}+|a_{K}|-2l’)$
$+ \frac{1}{2}$















$l’$ $[0, (|a_{K}|+a_{r+1})/2)$ $l$ $[0, (a_{r+1}+m+n)/2)$
$s_{1},$ $\ldots,$
$s_{r+1}\in \mathbb{C}$ $\phi_{MT,r}(s_{1}, \ldots, s_{r};s_{r+1})$
$\phi_{MT,r}(s_{1}, . . . , s_{r};s_{r+1})=\sum_{m_{1},\ldots,m_{r}=1}^{\infty}\frac{(-1)^{(m_{1}+\cdot\cdot.\cdot+m_{r})}}{m_{1}^{s_{1}}\cdots m_{r}^{s_{r}}(m_{1}+\cdot\cdot+m_{r})^{s_{r+1}}}$
$\mathcal{B}_{p}(a;l)$
$P$ $a_{1}$ , $a_{p}\in \mathbb{N}$ $a=(a_{1}, \ldots, a_{p})$
23
$l\in[O, |a|/2)$
$\mathcal{B}_{p}(a;l)=\frac{-2}{|a|-2l} \sum_{l_{1},\ldots,l_{p}\geq 0} \prod_{j=1}^{p}(\begin{array}{l}a_{j}l_{j}\end{array})B_{l_{j}}$
$l_{1}+\cdots+l_{p}=2l+1$
$W_{2j+2}$ $A^{-1}BY=t(W_{2}, \ldots, W_{2\lfloor(r-2)/2\rfloor+2})$
$0\leq i,j\leq[(r-2)/2]$ $A=\{(_{2i}^{2j}\ddagger_{1}^{1})\},$ $B=\{(_{2i}^{2j}\ddagger_{1}^{2})\}$ $Y=$
$t(Y_{2}, \ldots, Y_{2[(r-2)/2]+2})$
$Y_{2j+2}= \int_{0}^{1}B_{a_{1}}(2x-[2x])$










$k=0K \subset\{,\ldots q-1\}^{(-1)^{\frac{k}{2}\pi^{k}}I_{pq}(a}\sum_{1},+k,-k-1,,\ldots,q-1\}\backslash K$




$|c|+r$ $c=(c_{1}, \ldots, c_{r+1})\in \mathbb{N}^{r+1}$
$\hat{T}_{MT,r}(c_{1}, \ldots, c_{r};c_{r+1})=(-1)^{\frac{|c|+r+2}{2}+c_{r+1}}\frac{c_{1}!\cdots c_{r+1}!}{(2\pi)^{|c|-r}}T_{M\tau_{r}(c_{1}},$$\ldots$ , $;c_{r+1})$
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[4] Lemma3.1
Theorem 2 Lemma 2 Theorem 1
Mordell-Tornhrim ([4])
Lemma 2 (Theorem 2











$\frac{2a_{1}!}{m!n!(a_{1}-m-n+1!)}\int_{0}^{\frac{1}{2}}I_{5,0}(n, m, a_{2}, a_{3}, a_{4})dx$
$a_{1}\geq m-+n$
$a_{1}+m+n:even$
$+a_{1}+m+n:odda_{1} \geq m+n\sum_{n,m\geq 0}\frac{2a_{1}!}{m!n!(a_{1}-m-n+1!)}\sum_{l}\mathcal{B}_{4}(a;l)\int_{0}^{\frac{1}{2}}I_{2,0}(|a|-2l, a_{4})dx$
$+a_{1}+m+n:0$
$a_{1} \geq m+n\sum_{n,m\geq 0}\frac{2a_{1}/}{m!n!(a_{1}-m-n+1!)}\int_{0}^{\frac{1}{2}}I_{1,0}(a_{4})dx\int_{0}^{1}I_{4,0}(n, m, a_{2}, a_{3})dx,$
$( l\in[0, |a|/2))$ , Riemann $\mathbb{Q}$
[4] Proposition2.5
$r<5$ $r\geq 5$
Theorem 2 $\phi_{MT,1},$ $\zeta_{MT,1}$
$r=2$ ”parity result” $r>2$
25
$j,$ $k<r$ $\phi_{MT,j},$ $\zeta_{MT,j}$ $T_{MT,k}$
$r\geq 5$ Theorem 2 4
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